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Abstract. On a large scale, inertial frames seem not to rotate relative to the average
matter distribution in the universe. Without absolute space or finely tuned initial
conditions, it is difficult to explain the lack of relative rotation. Two classical (non-
quantum) arguments have been proposed to explain why: (1) that gravitational fields
(including inertial fields) be completely determined by the matter distribution, with
no independent degrees of freedom for the gravitational field (AKA Mach’s principle).
(2) inflation. Although either of these is a possible explanation, a more likely
explanation comes from considering reasonable forms of quantum gravity. A semi-
classical approximation to quantum gravity shows that phase interference would cancel
out cosmologies with significant relative rotation. A generic general estimate for a
perfect fluid cosmology with a realistic variation of average vorticity with cosmological
scale factor shows that only cosmologies with an average present relative rotation
smaller than about L∗H2 ≈ 10−71 radians per year could contribute significantly to
a measurement of relative rotation rate, where L∗ is the Planck length and H is the
present value of the Hubble parameter.
PACS numbers: 98.80.Qc, 04.60.-m, 98.80.Jk
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1. Introduction
Although there are solutions of Einstein’s field equations that allow relative rotation of
matter and inertial frames, it has long been known that in our universe inertial frames
seem not to rotate with respect to the visible stars. The “Rotation Problem” is to explain
“If the universe can rotate, why does it rotate so slowly?”[1]. The rotation problem can
easily be seen by comparing the rotation of the plane of a Foucault pendulum with the
movement of the stars relative to the Earth. More accurate estimates of this effect are
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now available, mostly because of the availability of isotropy measurements on the cosmic
microwave background radiation.
For example, Hawking [2] showed that if the universe contains a large-scale
homogeneous vorticity, then the rotation rate corresponding to that vorticity cannot
be larger than somewhere between 7×10−17 rad yr−1 and 10−14 rad yr−1 if the universe
is closed and about 2 × 10−46/(present density in g cm−3) if it is open. Many studies
have been done since then resulting in progressively decreasing estimates of the allowed
rotation rate, e.g. [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16].
In General Relativity, gravitation (including inertia) (as expressed by the metric
tensor) is determined not only by the distribution of matter (in terms of the stress-
energy tensor), but also by initial and boundary conditions. There are many solutions of
Einstein’s field equations for General Relativity that have large-scale rotation of matter
and inertial frames, e.g. [17, 18, 19, 20, 21]. It is difficult to explain the absence of
relative rotation classically without absolute space (as proposed by Newton) or without
assuming very finely tuned initial conditions for the universe.
References [1] and [22] suggest that inflation might lead to very small shear and
rotation rates for our present universe because shear and rotation rate decrease as the
universe expands. Although that is a possible explanation, it does not seem likely that
inflation could completely explain the rotation problem. Even if inflation were sufficient
to explain the rotation problem, it would not be necessary because a semi-classical
approximation to quantum gravity is sufficient to explain the observed lack of rotation,
as will be shown.
Ernst Mach [23, 24, 25, 26] suggested that inertia might be determined by distant
matter. Various versions of that proposal have come to be known as Mach’s principle.
Since we now know (from General Relativity) that inertia is a gravitational force, such an
implementation of Mach’s principle would require that the gravitational field (or at least
part of it) be determined only by its sources (matter) rather than having independent
degrees of freedom (in terms of initial and boundary conditions).
If the many proposals to implement exactly that for General Relativity, e.g.
[27, 28, 29, 30, 31, 32] were correct, then gravitation would behave very differently from
the electromagnetic interaction, in that electric and magnetic fields are determined not
only from sources (charges and currents), but also from initial and boundary conditions.
A more likely explanation for the apparent lack of relative rotation of the average
inertial frame and the average matter distribution comes from quantum gravity.
Although we do not have a final theory of quantum gravity, and therefore, no universally
accepted theory of quantum cosmology, we have some speculations for a theory of
quantum gravity, e.g. [33, 34, 35], and we have a rough idea for what the action should
be. If the action dominates such a calculation (as we expect), it might be possible to
estimate the upper bounds on the rotation of the universe in terms of a calculation using
a semi-classical approximation to quantum cosmology, based on a sum-over-histories
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approach [36, 37, 38, 39, 40].‡ We would expect the result of such a calculation to show
that the only 4-geometries contributing significantly to such a calculation would have
very small relative rotation rates. In that case, any measurement of relative rotation
rate would yield a very small value.
Section 2 gives an overview. Section 3 makes a saddlepoint approximation to the
path integral. Section 4 discusses the validity of the saddlepoint approximation. Section
5 discusses possible problems.
Appendix A sets up a calculation of the amplitude for measuring a rotation of
the universe in terms of a path-integral calculation. Appendix B calculates the action
for a perfect fluid. Appendix C gives a generalized Friedmann equation that includes
vorticity and shear. Appendix D discusses the radiation, matter, and dark-energy eras.
Appendix E considers the effect of vorticity and shear on the action, and uses a realistic
variation of vorticity with cosmological scale factor to show that only very small rotation
rates contribute significantly to a path integral.
We take the speed of light c and Newton’s gravitational constant G to be 1
throughout.
2. Overview
We start by giving an overview of the calculation. The details are in the appendices.
Using a semi-classical representation for quantum gravity allows an estimate of the
amplitude for measuring the relative rotation between the average matter distribution
and the average inertial frame. The calculation uses some general formulas for the action
integral. It is seen that the final result is insensitive to details of the Lagrangian used.
The main effect depends mostly on the form for a generalized Friedmann equation that
includes vorticity.
In generalizing Feynman’s path integral method to quantum cosmology, it is usual
to estimate the amplitude for a given 3-geometry to evolve into another given 3-geometry.
In this case, the “path” is a 4-geometry that connects the two given 3-geometries. The
contribution of each 4-geometry to the amplitude is weighted by the action for that
4-geometry, which is proportional to the phase for that contribution. In general, the
paths (4-geometries) are not restricted to classical 4-geometries (that is, not restricted
to solutions to Einstein’s field equations).
However, in many situations, classical 4-geometries give the main contributions to
calculations of the amplitude. In particular, in the present situation, where we want
to explain why we observe nearly zero relative rotation between the average inertial
frame and the average matter distribution, it makes sense to restrict the calculation to
4-geometries that are solutions to Einstein’s field equations.
In addition, for the present situation, it makes sense to further restrict the 4-
geometries we consider to those that look essentially like our present universe (roughly
a spatially flat Robertson-Walker universe), except with vorticity. Further, there are
‡ also called decoherent histories [41, 42, 43, 44, 45, 46, 47, 48] or consistent histories [49, 50, 51, 52]
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estimates for how we would expect vorticity to vary with time if there were any vorticity.
Vorticity might not be homogeneous, however. It might vary from one place to another.
However, we could consider the spatially averaged vorticity as a parameter. More
specifically, we could consider the present value of the spatially averaged vorticity as
a parameter. Because we have a good idea for how vorticity would vary with time,
we would have a good idea for how the spatially averaged vorticity would vary with
time. Then, the present value of the spatially averaged vorticity would make a good
parameter to specify a 4-geometry with vorticity. Call that parameter ω3. So now, when
we perform a path integral. we are performing an integral over ω3.
Strictly speaking, that integration over ω3 should go from −∞ to +∞. However,
extending the integration to infinite limits could introduce technical difficulties. So,
instead, of infinite limits, we choose one rotation of the universe in a Planck time.
That is close enough to ∞ for practical calculations. In addition, we expect the main
contribution to the path integral to come from nearly zero vorticity.
As mentioned above, we do not have a theory of quantum gravity, and therefore no
theory of quantum cosmology. However, we have some reasonable estimates for what
the action should be, and if the action dominates the calculation (as we expect), then
we should be able to make reasonable estimates for a path integral calculation.
The formula for the action involves an integral of the Lagrangian over 4-dimensional
spacetime plus an integral over the three-dimensional hypersurface that bounds the 4-
dimensional spacetime. The surface term is necessary to insure consistency if the action
integral is broken into parts [53, 54]. Here, we shall assume that the surface term will
not be such as to change significantly the main calculation. That is, we include the
surface term, but neglect it’s effect on the vorticity calculation. As we shall see, the
main result is so overwhelming that it is unlikely the surface term could change the
result.
Strictly speaking, the integral of the Lagrangian over the 4-dimensional spacetime
should involve an infinite integration over space since we believe our universe to be open.
However, let us consider the significance of that choice. We are trying to explain why
inertial frames seem not to rotate relative to the average matter distribution (except
for possible local frame dragging). When we make the path integral calculation, we are
considering physical processes in which the distribution of matter in the universe affects
inertial frames here. If we were to integrate over all matter in the universe we would
be including matter outside of our past light cone (that is, matter that should have no
significant effect on inertial frames here). A correct quantum gravity calculation would
presumably show negligible effect from matter outside of our past light cone. However,
for now, it seems sufficient to simply restrict the volume integration of the Lagrangian
for the action calculation to the past light cone. With the above considerations, we can
write the effective action as
I =
∫
V (t)Ld t + surface term , (1)
where L is the Lagrangian, t is cosmological time, V (t) is the spatial volume, and all
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quantities are considered to be spatial averages.
It is useful to change the integration variable from time t to cosmological scale factor
a, where a is related to t by the generalized Friedmann equation (to include vorticity
ω).
1
a
d a
d t
=
√
H(a)2 +H2ω =
√
H(a)2 + f1(a)ω
2
3 , (2)
where H(a) is the Hubble parameter without vorticity, and H2ω = f1(a)ω
2
3 is the vorticity
term, f1(a) is defined in (E.3), and ω3 is the present value of the vorticity. Changing
the integration variable in (1) gives
I =
∫ V (a)L(a)
a
√
H(a)2 + f1(a)ω23
d a+ surface term , (3)
where
V (a) =
4
3
pia3r33 (4)
is the spatial volume, and r3 is the present radius of the visible universe.
As a first approximation, we split the integral in (3) into two parts, depending on
which of the two terms in the radical is larger, and we then assume the larger term is
dominant. The error introduced by this approximation will be discussed later. This
gives
I ≈ I0 − ω
2
3
2
∫
H(a)2/f1(a)>ω23
V (a)L(a)f1(a)
a|H|3 d a
+
∫
H(a)2/f1(a)<ω23
V (a)L(a)
a

 1
ω3
√
f1(a)
− 1
H(a)

 d a , (5)
where I0 is the action without vorticity, but including the surface term. Notice that the
approximation in (5) is the crucial approximation in the calculation of the action, as
will be seen in the following.
It is convenient to write (5) as
I ≈ I0 + h¯
(
ω3
ωm
)2
f2(ω3) + h¯Af3(ω3) , (6)
where
ωm =
(
h¯H3
r33
)1/2
=
L∗
r3
√
H3
r3
≈ L∗H23 ≈ 10−89cm−1 ≈ 10−71rad yr−1 , (7)
A =
r33H3
6h¯
=
r33H3
6(L∗)2
≈ 1
6(L∗H3)2
≈ 10121 , (8)
H3 is the present value of the Hubble parameter, r3 is the present radius of the universe
(which we approximate by the inverse of the Hubble parameter), L∗ is the Planck length,
f2(ω3) ≡ −H3
2r33
∫
H(a)2/f1(a)>ω23
V (a)L(a)f1(a)
a|H|3 d a , (9)
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and
f3(ω3) ≡ − 6
H3r33
∫
H(a)2/f1(a)<ω23
V (a)L(a)
a

 1
ω3
√
f1(a)
− 1
H(a)

 d a . (10)
The important point here is that the value of (7) is so small and that f2(ω3) is a quantity
of order unity (within a factor of ten or so).
In calculating the values of f2(ω3), a detailed calculation in section 3 shows that
the value of f2(ω3) is of order unity in any regime for which it has a significant effect
on the integral. Section 4 shows that because the factor A in (11) is so large, there is
no significant contribution to the integral from f3(ω3) for the stationary-phase path as
long as the integral stops at ωmax = 1/L
∗ rather than continuing to infinity.
The path integral to give the amplitude for a 3-geometry (3)Gf with matter fields
φf is then
ψf (
(3)Gf , φf) ≈
∫ ∫ ωmax
−ωmax
ψi(
(3)Gi, φi)
exp (iI0/h¯) exp
[
if2(ω3)(ω3/ωm)
2
]
exp [iAf3(ω3)] dω3D(3)GiDφi , (11)
where the path integral is the integral over ω3, and we also integrate over the initial
3-geometry (3)Gi with matter fields φi. We assume that the initial wave function is broad
enough that the integral is dominated by the exponential factor.
3. Saddlepoint approximation
The saddlepoint at ω3 = 0 in (11) is isolated from the branch points, as pointed out in
section 4. The integral in (11) can be approximated by a saddlepoint integration to give
ψf(
(3)Gf , φf) ≈
∫
ψi(
(3)Gi, φi)
∣∣∣
ω3=0
ψ[(4)G, φ;ω3]
∣∣∣
ω3=0
ωm
√
pi√
f2(0)
eipi/4D(3)GiDφi
for |ω3| < L∗H23 ≈ 10−71 rad/year. (12)
ψf (
(3)Gf , φf) ≈ 0 otherwise, where now§
f2(0) ≈ α
3a2
+
1
2a2
+
1
3a2
− 1
3
≈ 4
9
α +
7
9
, (13)
where a2 is given by (D.3), and is the value of the cosmological scale factor when dark
energy begins to dominate over matter, and we have recognized that except for the ω3
dependence in (11), the integrand is approximately the 4-geometry without shear or
vorticity. Although there should be an additional slowly varying part in the integrand,
it can be neglected for the purposes here.
The calculation of f2(0) in (13) is done by using different approximations in the
integrand in (9) in each cosmological era. The error introduced by that approximation
should not be more than a factor of two or three, but even a factor of 10 error would
not change the main result.
§ We can take α = 0 [55] or α = 1 [56]. In either case, f2 is a number of order unity.
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ω3 represents the relative rotation rate at the present time. The main significance
of (7) and (11) is that only relative rotations less than ωm ≈ L∗H23 ≈ 10−71rad per year
contribute significantly to the integration in (11). Thus, any experiment that can
measure relative rotation will see an effective 4-geometry that is consistent with a
relative rotation rate smaller than (7), and therefore will measure a relative rotation
rate that is less than ωm ≈ L∗H23 ≈ 10−71rad per year.‖ Equation (11) requires that
ψf (
(3)Gf , φf) be sharply peaked at the 3-geometry that is determined by the 4-geometry
ψ[(4)G, φ;ω3]
∣∣∣
ω3=0
.
Although the calculation here should be sufficient to convince us that any reasonable
theory of quantum gravity would explain why we seem to observe no rotation of our
inertial frame relative to the average matter distribution, it would be useful if we had an
actual cosmological solution that had relative rotation that reduced to the Robertson-
Walker solution continuously as the relative rotation approached zero. Unfortunately,
however, I have not been able to find such a solution. For example, all of the solutions
given by [19] have zero vorticity.
4. Validity of the saddlepoint approximation
There are several conditions that must apply (in addition to those already discussed)
for the saddlepoint approximation to (11) to be valid. Basically, the functions f2(ω3)
and f3(ω3) must be such that there are no significant contributions to the integral other
than at the saddlepoint at ω3 = 0.
There are six considerations: First, the value of f2(ω3) should be of order unity.
Second, the value of f3(ω3) should be such that it makes no significant contributions to
the integral in any regime for which it has a significant value. Third, the saddlepoint
must be isolated from the branch points (which are also the places where we switch from
one approximation to another). Fourth, the approximations used in the integrations
that introduce non-analytic points must be taken care of. Fifth, Contributions from
endpoints in the integration may require special handling. Sixth is the semi-classical
approximation to quantum gravity.
4.1. Behavior of f2(ω3)
In calculating the values of f2(ω3), a detailed calculation shows that the value of f2(ω3)
is of order unity in any regime for which it has a significant effect on the integral.
‖ If we were to include matter outside of our past light cone in calculating the action, then we would get
the result here that the only significant contribution to the path integral would come from cosmologies
that had exactly zero relative rotation between the average inertial frame and the average matter
distribution.
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4.2. Behavior of f3(ω3)
Because the factor A in (11) is so large, there is no significant contribution to the integral
from f3(ω3) for the stationary-phase path as long as the integral stops at ωmax = 1/L
∗
rather than continuing to infinity.
A detailed calculation shows that f3(ω3) varies from about [1−a32−(3/5)(1−a52)]/pi
to about (1−a32)/pi as ω3 varies from ω3 =
√
Λ/2 to ωmax = 1/L
∗ for the realistic model
of vorticity in Appendix E.
4.3. The branch points in the Friedmann equation must be isolated from any
saddlepoints.
Appendix E shows that the branch points in the Friedmann equation are isolated from
the saddlepoints.
4.4. Analyticity requirements
The integrations involved in calculating the action, that will be necessary to evaluate
the integrand in (11) usually cannot be done in closed form, requiring approximations,
that then must be justified because of the analyticity requirements of saddlepoint
approximations.
The analyticity requirements are satisfied because the non-analytic points are
isolated from any saddlepoints.
4.5. Contributions from endpoints in a path integral must be considered, especially if
the endpoints are infinite.
By choosing the endpoints for the ω3 integration to be finite (only one rotation of the
universe in a Planck time), we were able to avoid significant contributions from the
endpoints in the integration. Although the contributions from leaving the endpoints
infinite would still not be significant, it might be more difficult to demonstrate it.
4.6. Validity of a semi-classical approximation to quantum gravitly
Although formulating a correct implementation of a semi-classical approximation to
quantum gravity is difficult without a correct formulation of quantum gravity, it is
difficult to imagine a formulation that would give results that differ significantly from
those obtained here.
5. Discussion
There are several questions to consider in this calculation of the rotation of the universe:
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5.1. How general is the calculation?
It would be useful to find closed-form models that have relative rotation of matter and
inertial frames and that approach the Robertson-Walker metric continuously as the
relative rotation approaches zero.
The contribution of vorticity to the calculation in (11) enters not through the
Lagrangian, but through a generalized Friedmann equation. This has the advantage
that the main results are mainly independent of the Lagrangian (within limits).
Although these calculations do not consider possible effects of the surface term in
the action, nor parameters other than vorticity in the path integral, this is appropriate
because the purpose of the present calculation is to show why measurements of the
relative rotation of the universe are so small.
5.2. That the dominance of various terms in the Friedmann equation depends on the
cosmological era adds complications.
Because the dominance of various terms depends on cosmological era, some integrals
need to be separated into contributions from each era with different approximations
used in each era. The approximations are good enough to give the value of the integral
valid within a factor of two or three. However, even an error of a factor of 10 or so
would be good enough, considering the main result. The non-analyticity introduced at
the boundaries of the eras does not cause a problem because the non-analytic points are
significantly isolated from any saddlepoints.
5.3. Infinite action for an open universe?
Formally, V (a) should be infinite for an open universe to give an infinite action [57].
However it is not physically realistic to consider contributions to the action outside of
the past light cone. A correct theory of quantum gravity may make that clear.
However, if we actually did take the action to be infinite, then the parameter f2
in (9) would also be infinite, and no longer of order unity. In that case, the parameter
ωm in (7) would no longer be the limiting value for relative rotation of inertial frames
and matter. The allowed relative rotation would be even more sharply peaked than the
calculation given here. The relative rotation rate would be exactly zero, with zero width.
That is, if the action were really infinite, the explanation for why we do not observe a
relative rotation of the average inertial frame and the average matter distribution would
be even stronger.
5.4. Euclidean versus Lorentzian path integral
Does it matter if the path integral is specified with a Euclidean signature versus a
Lorentzian signature?
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Replacing the Lorentzian path integral in (A.7) by a Euclidean path integral [58]
would give
ψ[(4)G, φ;ω3] ≈ e−I/h¯ , (14)
where the saddlepoint would still be at ω3 = 0, the steepest descent path would be
along the real ω3 axis, and it would be necessary to take the opposite root for Hω in
(E.12) to keep the steepest-descent path along the complete real ω3 axis. As pointed out
by references [59] and [60], the value of the path integral is independent of the regime,
Lorentzian or Euclidean, that one is using to calculate it.
5.5. Dependence on the choice of Lagrangian
How sensitive do the results depend on the choice of Lagrangian?
Using a standard form for the Lagrangian for General Relativity with two choices
[55, 56] for the matter Lagrangian shows no significant difference on the main result
for how only a narrow range of possible values of relative rotation near zero contribute
significantly to a measurement of global relative rotation. It is difficult to imagine a
reasonable Lagrangian that would give a significantly different result.
The contribution of vorticity to the calculation in (11) enters not through the
Lagrangian, but through a generalized Friedmann equation. This has the advantage
that the main results are mainly independent of the Lagrangian (within limits).
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Appendix A. Amplitude for measuring a rotation of the universe
The amplitude for measuring a particular value for some quantity is equal to the
amplitude for measuring that value given a particular 4-geometry times the amplitude
for that 4-geometry, and then we sum over all 4-geometries.
For example, following [58], the amplitude for the 3-geometry and matter field to
be fixed at specified values on two spacelike hypersurfaces is
<(3) Gf , φf |(3)Gi, φi >=
∫
ψ[(4)G, φ]D(4)G Dφ , (A.1)
where the integral is over all 4-geometries and field configurations that match the given
values on the two spacelike hypersurfaces, and
ψ[(4)G, φ] ≡ exp (iI[(4)G, φ]/h¯) (A.2)
is the contribution of the 4-geometry (4)G and matter field φ on that 4-geometry to
the path integral, where I[(4)G, φ] is the action. The proper time between the two
hypersurfaces is not specified. A correct theory of quantum gravity would be necessary
to specify the measures D(4)G and Dφ, but that will not be necessary for the purposes
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here. Hartle and Hawking [58] restricted the integration in (A.1) to compact (closed)
4-geometries, but (A.1) can be applied to open 4-geometries if that is done carefully.
Equation (A.1) is a path integral. In this case, the “path” is the sequence of 3-
geometries that form the 4-geometry (4)G. Thus, each 4-geometry is one “path.” The
space in which these paths exist is often referred to as superspace, e.g. [61]. As pointed
out by Hajicek [59], there are two kinds of path integrals: those in which the time
is specified at the endpoints, and those in which the time is not specified. The path
integral in (A.1) is the latter. References [59] and [60] consider refinements to the path
integral in (A.1), but such refinements are not necessary here.
Because of diffeomorphisms, a given 4-geometry can be specified by different metrics
that are connected by coordinate transformations. This makes it difficult to avoid
duplications when making path integral calculations. We avoid that difficulty here by
considering only simple models.
Let ψi(
(3)Gi, φi) be the amplitude that the 3-geometry was (3)Gi on some initial
space-like hypersurface and that the matter fields on that 3-geometry were φi. Let
ψf (
(3)Gf , φf) be the amplitude that the 3-geometry is (3)Gf on some final space-like
hypersurface and that the matter fields on that 3-geometry are φf . Then, we have
ψf (
(3)Gf , φf) =
∫
<(3) Gf , φf |(3)Gi, φi > ψi((3)Gi, φi)D(3)GiDφi . (A.3)
The condition that there are not finely tuned initial conditions is equivalent to
ψi(
(3)Gi, φi) being a broad wave function.
Substituting (A.1) into (A.3) gives
ψf (
(3)Gf , φf) =
∫ ∫
ψ[(4)G, φ]D(4)G Dφψi((3)Gi, φi)D(3)GiDφi . (A.4)
Although in (A.4), the integration is over all possible 4-geometries, not just classical
4-geometries, the main contribution to the integral (in most cases) comes from classical
4-geometries, e.g. [62, 60]. Thus, we shall now restrict (A.4) to be an integration over
classical 4-geometries. This is appropriate for our purposes, in any case, since we are
trying to explain why we do not measure relative rotation of matter and inertial frames
in what appears to be a classical universe.
In principle, the idea is very simple. Any measurement to determine the inertial
frame will give a result that depends on the 4-geometry. If several 4-geometries
contribute significantly to an amplitude, such as in (A.4), then any measurement to
determine an inertial frame might give the inertial frame corresponding to any one of
those 4-geometries. However, the probability for the result being a particular inertial
frame will depend on the contribution of the corresponding 4-geometry to calculations
such as that in (A.4).
In this calculation, we consider 4-geometries that have an average vorticity (rotation
rate) that depends only on time (i.e., on the cosmological scale factor). We take
these 4-geometries to be characterized by a parameter ω3 that is proportional to the
spatially averaged relative rotation rate, which we take to be the average rotation rate
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(or vorticity) at the present time. Thus, we can rewrite (A.4) for our purposes as
ψf (
(3)Gf , φf) =
∫ ∫
∞
−∞
ψi(
(3)Gi, φi)ψ[(4)G, φ;ω3] dω3D(3)GiDφi . (A.5)
The integral in (A.5) is still a path integral. In this case, each value of ω3 specifies
one “path”, in that it specifies one 4-geometry, and that specifies one sequence of 3-
geometries. The space of “paths” in this case is often referred to as a mini-superspace
because it is restricted to a much smaller space of 4-geometries. The parameter ω3,
classically determined by initial conditions on the 4-geometry, represents an independent
degree-of-freedom of the gravitational field.
Actually, taking the ω3 integration from−∞ to∞ in (A.5) is not physically realistic,
and might lead to problems if the infinite endpoints contribute significantly to the
integration. The largest relative rotation that could possibly be considered without
having a theory of quantum gravity would be one rotation of the universe in a Planck
time. This would correspond to taking the maximum value of ω3 to be the reciprocal of
the Planck time, T ∗, or ωmax ≈ 1044sec−1. Thus, we can rewrite (A.5) as
ψf (
(3)Gf , φf) ≈
∫ ∫ ωmax
−ωmax
ψi(
(3)Gi, φi)ψ[(4)G, φ;ω3] dω3D(3)GiDφi . (A.6)
We anticipate that the properties of ψ[(4)G, φ;ω3] will dominate the integral in (A.6),
so we shall start with
ψ[(4)G, φ;ω3] ≈ eiI(ω3)/h¯ , (A.7)
where I(ω3) is the action.
Either a stationary-phase path or a steepest-descent path could be used when
making the saddlepoint approximation [63, 64, 65], but here, we use a stationary-phase
path. Halliwell [66] gives an example of a more detailed path-integral calculation of
quantum gravity.
Appendix B. Action for a perfect fluid
We can take the action in (A.7) to be
I =
∫
(−g(4))1/2Ld4x+ 1
8pi
∫
(g(3))1/2Kd3x , (B.1)
where
L = Lgeom + Lmatter (B.2)
is the Lagrangian, and the surface term is necessary to insure consistency if the action
integral is broken into parts [53, 54]. The quantity
K = g(3)ijKij = −1
2
g(3)ij
∂g
(3)
ij
∂t
(B.3)
is the trace of the extrinsic curvature, where g
(3)
ij is the 3-metric. In this example, we
take the Lagrangian for the geometry as
Lgeom =
R(4) − 2Λ
16pi
, (B.4)
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where R(4) is the four-dimensional scalar curvature and Λ is the cosmological constant.
For a perfect fluid, the energy momentum tensor is
T µν = (ρ+ p)uµuν + pgµν , (B.5)
where p is the pressure, ρ is the density, and u is the 4-velocity. For solutions to
Einstein’s field equations for a perfect fluid, (B.4) becomes
Lgeom =
1
2
ρ− 3
2
p+
Λ
8pi
, (B.6)
and we can take the Lagrangian for the matter as
Lmatter = ρ+ α(p− ρ) , (B.7)
where α is a constant, and we can take α = 0 [55], α = 1 [67, 56], or α = 3
2
(from
combining (B.5) with [61, eq. 21.33a]). However, as we shall see, the final result is
insensitive to the exact form of the Lagrangian. Substituting (B.6) and (B.7) into (B.2)
gives
L = (α− 3
2
)(p− ρ) + Λ
8pi
, (B.8)
For some cosmological models, it is possible to represent K as a time-integral of
some quantity. If so, then the effect of K on the action could be represented as an
integral over a 4-volume, allowing us to combine the two terms in (B.1). This would
give
I =
∫
(−g(4))1/2L˜d4x , (B.9)
where L˜ can be considered to be an effective Lagrangian. Sometimes we can assume the
effective Lagrangian to take the form
L˜ = α2(p− ρ) + α3Λ , (B.10)
where α2 and α3 are constants of order unity.
We know that the universe is not homogeneous. However, we usually approximate
the universe as a spatially homogeneous fluid. This procedure is commonly referred to
as course-graining. If we now consider a spatially averaged homogeneous universe, (B.9)
can be written as
I =
∫
V (t)L˜dt , (B.11)
where V (t) is the spatial volume, and all quantities are now considered to be spatial
averages. The question whether V should be infinite because this is an open cosmology
[57] is considered in section 5.3.
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Appendix C. Generalized Friedmann equation
Derivation of a generalization of the Friedmann equation that includes relative rotation
of matter and inertial frames (specifically, shear and vorticity), starts with the
Raychaudhuri equation [68, 69], [70, eq. 1.3.4], [71, eq. (36)], [4, 5, eq. 4.12],
[72, 17, 18, 73, 74, 75], or the Raychaudhuri-Ehlers equation [76, eq. 6.4]. Specifically,
following [76, eq. 6.5 to eq. 6.12] gives(
1
a
d a
d t
)2
= H2 +H2ω +H
2
σ +H
2
a (C.1)
for the generalized Friedmann equation, where a is the cosmological scale factor,
H ≡
√
Λ
3
+
8piρ
3
− k
a2
(C.2)
is the Hubble parameter without vorticity, shear, or acceleration,
H2ω ≡
4
3a2
∫
aω2 da (C.3)
is the vorticity term, ω is vorticity,
H2σ ≡ −
4
3a2
∫
aσ2 da (C.4)
is the shear term, σ is shear, and
H2a ≡ −
2
3a2
∫
au˙a;a da (C.5)
is the acceleration term.
Strictly speaking, (C.1) applies only to a homogeneous universe. However, it is
usual to represent our universe on the large scale as a spatially homogeneous fluid as
a reasonable approximation. We do not expect vorticity to be the same everywhere.
However, it seems reasonable that only the average vorticity will be important in the
calculations we are making. Therefore, we shall assume that (C.1) applies to averaged
quantities, and from here on, we shall assume that vorticity is a spatially averaged
vorticity.
Appendix D. Radiation, matter, and dark-energy eras
There are three cosmological eras to consider. In the early universe, radiation dominates
over matter to determine the density ρ in the radical in (C.2). When the cosmological
scale factor a reaches a certain size (which we define as a1), matter begins to dominate
over radiation to determine the density ρ. When the cosmological scale factor a gets
even larger (to a size we define as a2), the density of matter has fallen low enough that
the cosmological constant Λ begins to dominate over the density term in (C.2).
For an equation of state, we take p = wρ, where w = 1/3 in the radiation-
dominated era, and w = 0 in the matter-dominated era. The variation of density ρ
with cosmological scale factor a is given by [76, Table 6.1]
ρ = ρ1(a/a1)
−3(1+w) , (D.1)
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where ρ1 is the value of ρ at the boundary between the radiation era and the matter era
where a = a1.
We can take for the present fraction of radiation density Ωrad = 5.4× 10−5 [77, p.
78]. Otherwise, we take [78]
a1 =
Ωrad
Ωmat
≈ 5.4× 10
−5
.3089
≈ 1.7× 10−4 , (D.2)
and
a2 =
(
Ωmat
ΩΛ
)1/3
≈
(
.3089
.6911
)1/3
≈ 0.76 , (D.3)
where Ωmat is the present fraction of matter density (including dark matter), and ΩΛ
is the present fraction of dark energy. From the Hubble parameter H3 = 67.74 km s
−1
Mpc−1 [78], we can calculate the critical density, and combining with ΩΛ, we get the
value of the density of matter and dark energy when they were equal, which is
ρ2 =
Λ
8pi
≈ 4.4× 10−58 cm−2 , (D.4)
which gives
Λ ≈ 1.1× 10−56 cm−2 . (D.5)
We also have
h¯→ h¯G
c2
= L∗2 ≈ 2.616× 10−66 cm2 . (D.6)
Appendix E. Effect of vorticity and shear
The main effect of vorticity and shear on the action is through the generalized Friedmann
equation (C.1). We know that both vorticity and shear decrease with time as the
universe expands.[e.g.][19].
We can take vorticity to depend on the cosmological scale factor a as
ω ∝ a−m , (E.1)
and we can take m = 1 in the radiation era and m = 2 in the matter era [76, Table 6.1].
If we put the time-variation of vorticity into (C.3), then we get
H2ω = f1(a)ω
2
3 , (E.2)
where ω3 is the present value of spatially averaged vorticity,
f1(a) =
2
3a41
(
2
a21
a2
ln
a1
a
− 1
)
for a ≤ a1
f1(a) = − 2
3a4
for a ≥ a1 . (E.3)
Similarly, we can assume that shear depends on the cosmological scale factor as
σ ∝ a−n , (E.4)
where n might have different values in the radiation era and the matter era.
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We return to (B.11), and change the t integration to an integration over the
cosmological scale factor a. We consider only the effect of vorticity and shear to give
I =
∫ ∫
V (a)L˜ d a
a
√
H2 +H2ω +H
2
σ
. (E.5)
Substituting (E.5) into (A.7) gives
ψ[(4)G, φ;ω3] ≈ exp
∫ ∫ iV (a)L˜ d a
ah¯
√
H2 +H2ω +H
2
σ
, (E.6)
Substituting (E.6) into (A.6) gives
ψf (
(3)Gf , φf) =
∫ ∫ ωmax
−ωmax
ψi(
(3)Gi, φi)

exp ∫ ∫ iV (a)L˜ d a
ah¯
√
H2 +H2ω +H
2
σ

 dω3D(3)GiDφi . (E.7)
We suspect that the main effect of the rotation (vorticity) term H2ω on the calculation
of the ω3 integral in (E.7) is at the saddlepoint where ω3 = 0.
We assume that the vorticity term and the shear term are both small near the
saddlepoint.¶ As an approximation, we expand the radical in the denominator of (E.7)
by assuming that |H2ω| is small whenever |H2ω| < H2, or by assuming that H2 is small
whenever |H2ω| > H2. For now, we ignore the shear term H2σ. This gives
ψf (
(3)Gf , φf) ≈
∫ ∫ ωmax
−ωmax
ψi(
(3)Gi, φi)
exp (iI0/h¯) exp
[
if2(ω3)(ω3/ωm)
2
]
exp [iAf3(ω3)] dω3D(3)GiDφi (E.8)
for the main contribution of vorticity to (E.7), where I0 is the action for zero vorticity
and zero shear,
A =
r33H3
6h¯
=
r33H3
6(L∗)2
≈ 1
6(L∗H3)2
≈ 10121 , (E.9)
ωm =
(
h¯H3
r33
)1/2
=
L∗
r3
√
H3
r3
≈ L∗H23 ≈ 10−89cm−1 ≈ 10−71rad yr−1 , (E.10)
H3 is the present value of the Hubble parameter, r3 is the present radius of the universe
(which we approximate by the inverse of the Hubble parameter), and L∗ is the Planck
length. The quantity
f2(ω3) = −H3
2r33
∫ at1(ω3)
r0/r3
[
V (a) L˜H2ω
ω23H
3a
]
da− H3
2r33
∫ 1
at2(ω3)
[
V (a) L˜H2ω
ω23H
3a
]
da , (E.11)
is a slowly varying function of ω3 of order unity, and r0/r3 is a value of the cosmological
scale factor that is much smaller than one, but large enough that a semi-classical
approximation is valid.
f3(ω3) = − 6
H3r33
∫ at2(ω3)
at1(ω3)
[
1
Hω
− 1
H
]
V (a)L˜
a
da , (E.12)
¶ As pointed out by [76, Section 6.2.2], a shear-free solution to Einstein’s field equations does not
generally exist when there is vorticity, but the shear term is probably small whenever the vorticity
term is small.
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where at1(ω3) and at2(ω3) are the values of a for which the magnitude of the rotation
term |H2ω| in the radical in (E.7) equals H2. Because H2ω is negative in this case, there
are branch points on the real a axis at a = at1(ω3) and a = at2(ω3). However, for the
calculations here, we can neglect the branch-point contributions.
When ω3 <
√
a1a
3
2Λ/2, there are no branch points because |H2ω| is always smaller
than H2. Because of that, the saddlepoint at ω3 = 0 is isolated from the branch points.
When ω3 <
√
a1a32Λ/2, we can take at1(ω3) = at2(ω3) for the purposes of (E.11) and
(E.12).
Also, for the purposes of (E.11) and (E.12), we take the maximum value of at2(ω3)
to be 1, and we take the minimum value of at1(ω3) to be r0/r3.
In the radiation era (where at1 < a1), at1(ω3) is determined by the equation
ω23
∣∣∣∣∣ln at1a1 − 1/2
(
at1
a1
)2∣∣∣∣∣ = Λ4
a31a
3
2
a2t1
. (E.13)
In the matter era (where a1 < at2 < a2), at2(ω3) is given by
at2(ω3) =
2
a32
ω23
Λ
. (E.14)
In the dark-energy era (where a2 < at2 < 1), at2(ω3) is given by
at2(ω3) =
[
2ω23
Λ
]1/4
. (E.15)
The ω3 integration in (E.8) is dominated by a 4-geometry that has a relative rotation
rate less than that given by (E.10), and therefore any measurement of relative rotation
will yield a value no bigger than that given by (E.10) with large probability.
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